In this paper, we proved random fixed point theorems for some contractions in multiplicative metric spaces. Furthermore, we introduced concept of compatible and weak compatible mappings in multiplicative metric spaces and using these notions we proved common random fixed point theorems in multiplicative metric spaces with implicit relation.
Introduction
Basic idea of the metric fixed point theory which is a branch of the fixed point theory firstly appeared in thesis of Polish mathematician Banach [2] in 1922. Although, it has a purely metric fact, it is also a major branch of nonlinear functional analysis. Banach contraction principle provides a technique for solving a variety of applied problems in mathematical sciences and engineerings.
In 2008, Bashirov et al. [3] found that the set of positive real numbers is not complete with respect to usual metric. To overcome this difficulty, they introduced the concept of multiplicative metric spaces. After that some authors, Abbas [1] , Kang et al. [14] , Sarvar and Badshah-e [16] , interested and they have tried to give more results on multiplicative metric spaces.
The theory of random fixed point theorems was initiated by the Prague school of probabilistic in the 1950. The interest in this subject was enhanced after publication of the survey paper by Bharucha Reid [15] . Random fixed point theorems, common random fixed point theorems and random coincidence point are stochastic generalizations of classical fixed point theorems, common fixed point theorems and coincidence point theorems.
On the other hand, the study of random fixed points and random approximations have gained tremendous importance after the publication of papers by Beg [5, 6] , Beg and Shahzad [7] [8] [9] [10] [11] [12] and Xu [17, 18] . Beg et al. [4, 7, 9] studied the structure of common random fixed points and random coincidence points of compatible random operators and proved the random fixed points theorems for random operators.
Preliminaries
Definition 2.1. ( [3] ) Let X be a nonempty set. A multiplicative metric is a mapping d : X × X → R + satisfying the following conditions:
(i) d(x, y) ≥ 1 for all x, y ∈ X and d(x, y) = 1 if and only if x = y;
for all x, y, z ∈ X (multiplicative triangle inequality).
Then the mapping d together with X, that is, (X, d) is a multiplicative metric space. 
Then it is obvious that all conditions of a multiplicative metric are satisfied.
is a multiplicative metric space.
, where x, y ∈ R and a > 1. Then d is a multiplicative metric and (R, d) is a multiplicative metric space. We may call it usual multiplicative metric spaces.
One can refer to ( [1, 3, 14, 15] ) for detailed multiplicative metric topology. 
(2) a multiplicative Cauchy sequence if for all > 1, there exists
We call a multiplicative metric space complete if every multiplicative Cauchy sequence in it is multiplicative convergent to x ∈ X.
In 2012,Özavsar and Ç evikel [15] gave the concept of multiplicative contraction mappings and proved some fixed point theorem of such mappings in a multiplicative metric space. Definition 2.5. Let f be a mapping of a multiplicative metric space (X, d) into itself. Then f is said to be a multiplicative contraction if there exists a real number λ ∈ [0, 1) such that
Definition 2.6. Let (X, d) be a multiplicative metric space and F : R × X → X be a function, where X is a nonempty set. Then function g : R → X is said to be a random fixed point of the function F if F (t, g(t)) = g(t) for all t ∈ R.
and a mapping g : R → X defined by g(t) = √ t for every t ∈ R. Then T has a unique random fixed point.
Example 2.8. Let X = R. Define T : R × X → X by T (t, x) = (x cos t) 1 4 and a mapping g : R → X defined by g(t) = for every t ∈ R. Then T has a unique random fixed point. Definition 2.9. Let (X, d) be a multiplicative metric space. Two mappings S, T : R × X → X are said to be (1) compatible for each t ∈ R if
whenever lim n→∞ S(t, g n (t)), lim n→∞ T (t, g n (t)) exist in Xand lim n→∞ S(t, g n (t)) = lim n→∞ T (t, g n (t)), t ∈ R, where {g n } is a sequences of mappings.
(2) weakly compatible for each t ∈ R if T (t, g(t)) = S(t, g(t)) for some mapping g implies T (t, S(t, g(t))) = S(t, T (t, g(t))) for every t ∈ R.
Main results
In this section we shall prove common random fixed point theorems under contractive type conditions in multiplicative metric spaces.
Theorem 3.1. Let (X, d) be a complete multiplicative metric space and F : R × X → X be a function satisfying the following condition:
for all x, y ∈ X, where t ∈ R and k ∈ [0, 1). Then F has a unique random fixed point.
Proof. We define a sequence {g n } of functions as g n+1 (t) = F (t, g n (t)), where g n : R → X is arbitrary function for t ∈ R for n = 0, 1, 2, 3, . . . . If g n+1 (t) = g n (t) for some n and t ∈ R, then g n (t) is a random fixed point. Let g n+1 (t) = g n (t) for each n and t ∈ R. Then for all t ∈ R, putting x = g n−1 (t) and y = g n (t) in (C1), we have
Similarly,
Now for m, n ∈ N with m < n, we have
Letting m → ∞, we have d(g m (t), g n (t)) → 1. Thus, {g n (t)} is a multiplicative Cauchy sequence. By the completeness of X, {g n (t)} is a multiplicative convergent to g(t) ∈ X. Now we claim that F (t, g(t)) = g(t). Putting x = g(t) and y = g n+1 (t) in (C1), then we have
Taking n → ∞, we have F (t, g(t)) = g(t). For uniqueness, let g(t) = h(t) be another common random fixed point of F. Then by inequality (C1), we have
This implies that g(t) = h(t) as k ∈ [0, 1). This completes the proof.
Theorem 3.2. Let (X, d) be a complete multiplicative metric space and F : R × X → X be a function satisfying the following condition:
for all x, y ∈ X, where t ∈ R and k ∈ [0, 1 2 ). Then F has a unique random fixed point.
Thus we have
where h = k 1−k < 1. Now for m, n ∈ N with m < n, we have
Letting m → ∞, we have d(g m (t), g n (t)) → 1. Thus, {g n (t)} is a multiplicative Cauchy sequence. By the completeness of X, {g n (t)} is a multiplicative convergent to g(t) ∈ X. By (C2), we have
Taking n → ∞, we get F (t, g(t)) = g(t). Uniqueness follows easily from (C2). This completes the proof.
Theorem 3.3. Let (X, d) be a complete multiplicative metric space and F : R × X → X be a function satisfying the following condition:
for all x, y ∈ X, where k ∈ [0, 1 2 ). Then F has a unique random fixed point.
where h =
Letting m → ∞, we have d(g m (t), g n (t)) → 1. Thus, {g n (t)} is a multiplicative Cauchy sequence. By the completeness of X, {g n (t)} is a multiplicative convergent to g(t) ∈ X. By (C3), we have
Taking n → ∞, we get F (t, g(t)) = g(t).
Uniqueness follows easily from (C3). This completes the proof.
Let Φ be the class of real valued continuous functions φ : R 3 + → R satisfying φ is non-decreasing in the second argument and the following conditions:
Then there exists a real number 0 < k < 1 such that x ≤ y k for all x, y ≥ 1.
Theorem 3.4. Let (X, d) be a complete multiplicative metric space and let E, F, S and T : R × X → X be four functions satisfying the following conditions:
T (t, y(t)), F (t, y(t))), d(S(t, x(t)), F (t, y(t))) · d(T (t, y(t)), E(t, x(t)))],
where φ ∈ Φ. Then E, F, S and T have a unique common random fixed point if one of the following conditions is satisfied: (C6) either E or S is continuous, the pair E, S is compatible and the pair F, T is weakly compatible.
(C7) either F or T is continuous, the pair F, T is compatible and the pair E, S is weakly compatible.
Proof. Let the function g 0 : R → X be an arbitrary function on X. By (C4) there exists a function g 1 : R → X such that for t ∈ R, T (t, g 1 (t)) = E(t, g 0 (t)) and for this function g 1 : R → X we can choose a function g 2 : R → X such that for t ∈ R, F (t, g 1 (t)) = S(t, g 2 (t)) and so on. By using the method of induction we can define a sequence {y n (t)}, t ∈ R, of functions as follows:
From condition (C5) and (3.1) we have for t ∈ R
Then by φ ∈ Φ we have
Similarly, we can prove that
Hence, in general,
Let m, n ∈ N with m > n. Then we have
Taking n → ∞, {y n (t)} is multiplicative Cauchy sequence. Since X is complete so {y n (t)} is a multiplicative convergent to a point y(t) ∈ X as n → ∞ and also subsequences of {y n (t)} also are multiplicative convergent to a point y(t) ∈ X, Thus as n → ∞ and t ∈ R T (t, g 2n−1 (t)) → y(t), E(t, g 2n (t)) → y(t), S(t, g 2n (t)) → y(t), F (t, g 2n−1 (t)) → y(t).
Now, since the pair E, S is compatible, then by (3.2) ,we obtain
Suppose that S is continuous, it follows that S(t, S(t, g 2n (t))) → S(t, y(t)), S(t, E(t, g 2n (t))) → S(t, y(t)).
Then by (3.3), we have
Using condition (C5) we obtain
Letting n → ∞ we obtain
Using φ ∈ Φ we get
Thus we have d(S(t, y(t)), y(t)) ≤ d k (S(t, y(t)), y(t)).
This implies that S(t, y(t)) = y(t). Again using condition (C5),
This implies that E(t, y(t)) = y(t). Hence we give E(t, y(t)) = S(t, y(t)) = y(t), t ∈ R. Now, since y(t) = E(t, y(t)) ∈ E(t, X) ⊂ T (t, X), there exists h(t) ∈ X such that y(t) = T (t, h(t)) for t ∈ R.
Using condition (C5), we obtain
Hence we obtain
By φ ∈ Φ, we have y(t) = F (t, h(t)) for t ∈ R. Hence we have y(t) = F (t, h(t)) = T (t, h(t)) for t ∈ R. Since the pair F, T is weakly compatible, we have F (t, T (t, h(t))) = T (t, F (t, h(t))), that is, F (t, y(t)) = T (t, y(t)).
From condition (C5), we have
Applying φ ∈ Φ we get y(t) = F (t, y(t)) = T (t, y(t)) for t ∈ R. Hence we have
that is, y(t) is a common random fixed point of E, F, S and T. For uniqueness, let p(t) : R → X be another common random fixed point of E, F, S and T, using condition (C5) we obtain
Then from φ ∈ Φ, we have y(t) = p(t) for t ∈ R. Hence E, F, S and T have unique common random fixed point. Now, suppose that E is continuous. Then we have
E(t, E(t, g 2n (t))) → E(t, y(t)), E(t, S(t, g 2n (t))) → E(t, y(t)).
Since the pair E, S is compatible, (3.3) implies that S(t, E(t, g(2n(t))) → E(t, y(t)).
Letting n → ∞, we obtain
which implies that E(t, y(t)) = y(t), t ∈ R. Since y(t) = E(t, y(t)) ∈ E(t, X) ⊂ T (t, X), there exists h(t) ∈ X such that y(t) = T (t, h(t)) for t ∈ R.
Since φ ∈ Φ, we have E(t, f (t)) = y(t) for t ∈ R. Hence S(t, f (t)) = E(t, f (t)) = y(t) for t ∈ R. Since the pair E, S is compatible, then S(t, E(t, f (t))) = E(t, S(t, f (t))), that is, S(t, y(t)) = E(t, y(t)) = y(t). Hence we obtain S(t, y(t)) = E(t, y(t)) = F (t, y(t)) = T (t, y(t)) = y(t) for t ∈ R, that is, y(t) is the common random fixed point of E, F, S and T. Uniqueness follows easily from (C5). Therefore, y(t) is the unique common random fixed point of E, F, S and T.
Similarly, we can complete the proof when (C7) holds. This completes the proof.
In Theorem 3.4, if we put S = T = I (the identity mapping), we obtain the following corollary:
Corollary 3.5. Let (X, d) be a complete multiplicative metric space and E, F : R × X → X be two functions satisfying the following condition: 2 (E(t, x(t)), F (t, y(t)))
2 (x(t), E(t, x(t))) · d 2 (y(t), F (t, y(t))),
d(x(t), F (t, y(t))) · d(y(t), E(t, x(t)))]
for all x, y ∈ X. Then E and F have a unique common random fixed point.
The proof of Corollary 3.6 is immediate by assuming R to be a singleton set in Theorem 3.4. Corollary 3.6. Let (X, d) be a complete multiplicative metric space and E, F, S and T : X → X be four functions satisfying the following conditions:
E(X) ⊂ T (X) and F (X) ⊂ S(X).
Then E, F, S and T have a unique common fixed point if one of the following conditions is satisfied: (C10) either E or S is continuous, the pair E, S is compatible and the pair F, T is weakly compatible.
(C11) either F or T is continuous, the pair F, T is compatible and the pair E, S is weakly compatible.
